Abstract. In this paper we discuss a method for bounding the size of the stabiliser of a vertex in a G-vertex-transitive graph Γ. In the main result the group G is quasiprimitive or biquasiprimitive on the vertices of Γ, and we obtain a genuine reduction to the case where G is a nonabelian simple group.
Introduction
In this paper we study the family A(d) defined as follows (where a graph Γ is G-vertex-transitive if G is a subgroup of Aut(Γ) acting transitively on the vertex set V Γ of Γ). We study the order of the stabilisers G α for pairs (Γ, G) ∈ A(d) and α ∈ V Γ, focusing on the case where G is quasiprimitive or biquasiprimitive in its action on V Γ. A permutation group G is said to be quasiprimitive if every non-identity normal subgroup of G is transitive, and biquasiprimitive if G is not quasiprimitive and every non-trivial normal subgroup of G has at most two orbits.
We briefly explain the context: the family A(d) is closed under forming normal quotients in the sense that, for (Γ, G) ∈ A(d), and a normal subgroup N ≤ G with at least three orbits in V Γ, the pair (Γ N , G N ) ∈ A(d), where Γ N is the G-normal quotient of Γ modulo N (see Definition 6) and G N is the group induced by G on the set of N -orbits. We regard pairs (Γ, G) which admit no proper normal quotient reduction to smaller graphs as 'irreducible'. Thus the irreducible pairs in A(d), are those for which G is quasiprimitive or biquasiprimitive on V Γ.
Before stating our main results we give two definitions. Definition 2. If G is a quasiprimitive or a biquasiprimitive permutation group, then the socle Soc(G) of G is isomorphic to a direct product T l of isomorphic simple groups (where T is possibly abelian). We call T the socle factor of G. 
where d ′ is the unique element of N such that (d The class of quasiprimitive permutation groups may be described (see [11] ) in a fashion very similar to the description given by he O'Nan-Scott Theorem for primitive permutation groups. In [13] this description is refined and eight types of quasiprimitive groups are defined, namely HA, HS, HC, SD, CD, TW, PA and AS, such that every quasiprimitive group belongs to exactly one of these types. In proving Theorem 4 we show, in Corollaries 15 and 16 , that there exists a function h : N → N such that, if (Γ, G) is in A(d), with G quasiprimitive on vertices of type HA, HS, HC, SD, CD or TW, then (Γ, G) is h-bounded. Furthermore, if G is of type PA with socle T l , then l is bounded above by a function of d and of the size of the vertex-stabiliser of a T -vertex-transitive graph Λ uniquely determined by (Γ, G). Therefore Theorem 4 reduces the problem of bounding (as a function of d) the size of the vertex-stabiliser G α to the case of nonabelian simple groups G. Similarly, the class of biquasiprimitive groups is described in detail in [15] and Theorem 5 applies to this more complicated family.
The novelty of these (to us, remarkable) results lies in the fact that Theorems 4 and 5 do not require any assumption on the local action, that is, on the action of G α on the set Γ(α) of vertices adjacent to α. In particular, G α is not assumed to be transitive on Γ(α) in Theorems 4 and 5.
In the remainder of this introductory section we discuss how Theorems 4 and 5 can be used to study general G-vertex-transitive graphs. Also we show that Theorems 4 and 5 are relevant for some open problems in algebraic graph theory.
1.1. Application of Theorems 4 and 5 to studying general G-vertextransitive graphs. Although Theorems 4 and 5 are stated for quasiprimitive and biquasiprimitive groups, using normal quotient techniques they can be fruitfully applied in more general situations. Following Wielandt [27] , for a subgroup H of a permutation group G, the 1-closure of H in G is the largest subgroup of G with the same orbits as H. The subgroup H is 1-closed in G if H equals its 1-closure in G. Note that if N is a normal subgroup of G, then the 1-closure of N in G is normal in G and equals the kernel of the action of G on the N -orbits. Thus the induced group G N is the quotient of G modulo the 1-closure of N in G. In particular, if N is a 1-closed normal subgroup of G, then G N = G/N . Let (Γ, G) ∈ A(d) and let N be a normal subgroup which is 1-closed in G, and is maximal subject to having more than two orbits on V Γ. By Definition 6, the pair (Γ N , G/N ) lies in A(d) and the group G/N is quasiprimitive or biquasiprimitive on V Γ N . Hence Theorems 4 and 5 apply to (Γ N , G/N ). Now the stabiliser of the vertex α N of Γ N is G α N/N ∼ = G α /N α and therefore Theorems 4 and 5 provide information about bounds on |G α /N α |. In general, without further restrictions on (Γ, G), it is difficult to obtain useful information about N α . In general, |N α | is not bounded by a function of d (see Example 39 which gives a family of examples in A(d) for which |N α | grows exponentially with d). Nevertheless, there are some remarkable families of G-vertex-transitive graphs where fairly weak conditions on the local action lead to an upper bound on |N α | as a function of d. We discuss in detail some of these families in the rest of this subsection.
For a property P of a group action, a pair (Γ, G) ∈ A(d) is said to be locally P if the permutation group G Γ(α) α induced by G α on Γ(α) has the property P. We will consider four properties P, the first three of which are the properties of being 2-transitive, primitive or quasiprimitive. The fourth property is semiprimitivity: a finite permutation group L is semiprimitive if every normal subgroup of L is either transitive or semiregular [1, 6, 9] .
The following proposition was proved in [10, Lemmas 1.1, 1.4(p), 1.5 and 1.6] (see the summary in [14, Theorem 4.1], or [12] for a more general treatment). The boundedness assertion in the last sentence follows since, as noted above, the vertex stabilisers for (Γ, G) and (Γ N , G/N ) are isomorphic.
Proposition 7. Let P be one of the properties: 2-transitive, primitive or quasiprimitive. Let (Γ, G) ∈ A(d) be locally P, and let N be a normal subgroup which is 1-closed in G, and maximal subject to having more than two orbits on V Γ. Then (Γ N , G/N ) ∈ A(d) is locally P, G/N is quasiprimitive or biquasiprimitive on V Γ N , and N α = 1 for every α ∈ V Γ. In particular, for any function f :
Proposition 7 shows that, for pairs (Γ, G) which are locally 2-transitive, locally primitive, or locally quasiprimitive, normal quotient reduction together with Theorems 4 and 5 can be used to obtain useful information about the vertex-stabiliser G α .
The Weiss and Praeger conjectures.
In 1973, Gardiner [5] proved that, if Γ is a connected G-vertex-transitive locally primitive graph and (u, v) is an arc of Γ, then the pointwise stabiliser in G of u, v, and all vertices adjacent to either u or v, is a p-group, for some prime p. A series of papers (see [25, 26] for example) followed in which various additional constraints on the local action led to upper bounds on the order of a vertex-stabiliser. This eventually led Richard Weiss [24] to conjecture in 1978 that local primitivity should imply boundedness. In our terminology his conjecture is the following.
Weiss Conjecture. There exists a function
In 1998, the first author [14, Problem 7] conjectured that local primitivity can be weakened to local quasiprimitivity.
Praeger Conjecture. There exists a function
Moreover, in [9] the local assumption was weakened further to semiprimitivity (defined above).
PSV Conjecture. There exists a function
In spirit, these conjectures are similar to the 1967 conjecture of Charles Sims [19] , proved in [2] , that for a G-vertex-primitive graph Γ, the order of the stabiliser of a vertex is bounded above by some function of the valency of Γ. Unfortunately the methods in [2] , using information about maximal subgroups of nonabelian simple groups, are not transferable to attack the other conjectures, and all three remain open.
As we hinted to above, one approach towards proving the Weiss Conjecture was to prove subcases of it by placing additional constraints on the local action. After a series of papers by Trofimov [20, 21, 22, 23] , this approach culminated in 1994 in a proof of the Weiss Conjecture in the case of locally 2-transitive graphs. Also some progress on the PSV Conjecture was made in [9] , by restricting further the local semiprimitive action.
An alternative approach to studying the Weiss Conjecture was initiated by the first author in [10, 14] using normal quotients to reduce to quasiprimitive and biquasiprimitive vertex actions. This was taken further in [3] , where an analysis of G-locally primitive graphs with G quasiprimitive on vertices was undertaken, considering separately each of the eight types of quasiprimitive groups according to the quasiprimitive group subdivision described in [13] . For six of the eight quasiprimitive types it was proved that |G α | is bounded above by an explicit function of the valency, reducing the problem of proving the Weiss conjecture for quasiprimitive group actions to the almost simple and product action types AS and PA ([3, Section 2]). The PA type was also examined in [3, Proposition 2.2] but, unfortunately, the proof contains an error which we discovered while working on the Praeger conjecture. [16] .
Although (Λ, T ) in Theorem 4, and the (Λ i , T ) in Theorem 5, are uniquely determined by (Γ, G) and inherit many of the properties of (Γ, G), we will see in Examples 40, 41 and 42 that 'local properties' are not necessarily preserved by this reduction (for instance, if (Γ, G) is locally primitive, then (Λ, T ) is not necessarily even locally quasiprimitive).
It would therefore be very interesting to find which local properties of (Γ, G) are inherited by the (Λ i , T ). In fact, it may be possible to prove the Weiss and the Praeger Conjectures, using Theorems 4 and 5, by proving a stronger conjecture for (Γ, T ) ∈ A(d), with T in a family of non-abelian simple groups, in which the local action of (Γ, T ) is further relaxed. We leave this as an open problem. 1.3. Structure of the paper. In Section 2 we give some preliminary and fundamental results that are of importance in the rest of our work. Before stating the main theorem of Section 2 in its full generality, we need a definition extending Definition 1.
Definition 9. Let f 1 , f 2 : N → N be functions. Let Γ be a connected graph with every vertex of valency at most d and N ≤ Aut(Γ). We say that (Γ, N ) is (f 1 , f 2 )-bounded if the number of orbits of N on V Γ is at most f 1 (d), and also f ) -bounded where 1 denotes the constant function with value 1. In Section 2, we prove the following result which often leads to reductions in 'boundedness proofs'.
Remark 11. The proof of Theorem 10 is constructive and it shows that we can take
Here we do not claim that such an f 3 is the best possible function for Theorem 10. But it would be interesting to know whether our choice of f 3 could be significantly improved.
Section 3 contains an auxiliary lemma needed in the proof of Theorem 4. Section 4 contains the proof of Theorem 4 and Section 5 contains the proof of Theorem 5. Finally, Section 6 contains the examples mentioned in the introduction.
In this paper all groups will be finite and graphs will be finite and simple.
Boundedness
We start this section recalling some standard definitions. Given a group N and a subset S of N , we define the Cayley digraph of N over S (denoted by Cay(N, S)) as the digraph with vertex set N and with arc set {(n, 
Proof of Theorem 10.
Let (Γ, N ) be a connected (f 1 , f 2 )-bounded graph and N G ≤ Aut(Γ). Since N ⊆ G and N has at most f 1 (d) orbits, the group G also has at most f 1 (d) orbits. It remains to show that
Let O 1 , . . . , O t be the orbits of N on V Γ. We claim that Γ contains t vertices β 1 , . . . , β t , with β i ∈ O i for every i, such that the subgraph induced by Γ on {β 1 , . . . , β t } is connected. Let X be a subset of vertices of Γ of maximal size with the properties |X ∩ O i | ≤ 1 for every i, and the subgraph induced by Γ on X is connected. If |X| = t, then the claim is proved. Suppose then that |X| = l < t. Without loss of generality we may assume that X = {β 1 , . . . , β l }. Let v be a vertex in O l+1 . Since Γ is connected, there exists a path
′ , the subgraph induced by Γ on X ′ is connected and X ′ contains at most one vertex from each O i . This contradicts the maximality of X. Thus |X| = t and the claim is proved.
Fix β 1 , . . . , β t , with β i ∈ O i for every i, such that the subgraph induced by Γ on {β 1 , . . . , β t } is connected. Let S be the set S = {n ∈ N | there exists i with β n i ∈ ∪ t j=1 Γ(β j )} and letΓ be the Cayley digraph on N with connection set S, that is,Γ = Cay(N, S). Given 1 ≤ i, j ≤ t, the number of elements n ∈ N with β
G βj and note that, by connectivity of the induced graph on {β 1 , . . . , β t }, for each i, the index |G βi :
Since H fixes a vertex in each orbit of N on V Γ and since C = C Sym(V Γ) (N ) permutes the O i and the setwise stabiliser in C of each O i induces a semiregular action on it, we obtain that C H (N ) = 1. Thus the group H acts faithfully on N by conjugation. LetG = N ⋊ H be the semidirect product of N by H with respect to this action. We claim thatG acts as a group of automorphisms onΓ by setting
for γ ∈ VΓ, n ∈ N and g ∈ H. It is straightforward to check that this is a well defined action ofG on VΓ = N . Let n be in N , g be in H and (γ, γ ′ ) be an arc ofΓ, that is, γγ
Hence to prove the claim it remains to prove that H leaves the set S invariant under conjugation. Let s ∈ S (with β s i ∈ Γ(β j ) say) and g ∈ H. We have
and thus β
Since s is an arbitrary element of S, this shows that S g = S and the claim is proved. Let Σ be the subgraph of Γ induced on the set {β
We claim that Γ = Σ. We argue by contradiction. Let v be a vertex in V Γ \ V Σ. Since Γ is connected, there exists a path
In particular, i ≥ 2 and v i−1 ∈ V Σ and so
Finally, as x ∈ S , we obtain n ∈ S , and
Since Γ = Σ, the group S acts transitively on each N -orbit. As H fixes a vertex from each S -orbit, we have C H ( S )=1. LetΓ 1 be the connected component of Γ containing 1 (that is, VΓ 1 = S ) and let L be the permutation group induced by H onΓ 1 . Since H acts as a group of automorphisms on S = VΓ 1 , we obtain L ∼ = H/C H ( S ) = H. Thus H acts faithfully on VΓ 1 and H ≤ Aut( S ). Also, as H fixes setwise S, we get |H| ≤ |S|! ≤ (df 1 
! for every α ∈ V Γ and the proof is complete.
Remark 12.
Although Theorem 10 is a very general statement, we often use it when N is vertex-transitive, in which case we can take f 1 (d) = 1 and
In the following corollary we single out the special case of Theorem 10 most useful for the rest of the paper. 
Auxiliary lemma
This section contains only Lemma 14. This very technical result will be important in the proof of Theorem 4.
l ) be elements of T l such that, for each i ∈ {1, . . . , d}, the set of entries {m
. Since the element m (i) has at most d distinct entries, by the pigeonhole principle we obtain that m (i) has more than d d−1 |R| 2d coordinates with the same entry. Applying this argument for each i ∈ {1, . . . , d}, we obtain that there exists a set of coordinates X ⊆ {1, . . . , l} with |X| > |R| 2d and such that every m (i) is constant on the coordinates from X. ′ in X such that the xth and x ′ th columns of Y are equal and the xth and x ′ th columns of Z are equal. Hence
Therefore the projection of U to the group T × T (obtained from taking the xth and
Let t be an element of T \ R. From (1), we have (1, t) = (a, a)(b, c) for some a ∈ T and b, c ∈ R. This yields a = b −1 ∈ R and t = ac ∈ R, a contradiction. This contradiction arose from the assumption
and the lemma is proved.
Proof of Theorem 4
In this section we use the subdivision into eight types (namely HA, HS, HC, SD, CD, TW, PA and AS) of the finite quasiprimitive permutation groups, and we refer the reader to [13] for details. Our main tool for dealing with quasiprimitive groups is Corollary 13. Namely, in Corollaries 15 and 16, for (Γ, G) ∈ A(d), we give an absolute upper bound (in terms of the valency d) on the size of the stabiliser of a vertex in G, if G is quasiprimitive of type HA, HS, HC, TW, SD or CD. We note that these results were proved in [3] in the case where G is locally primitive.
Proof. As G is quasiprimitive of type HA, HS, HC or TW, the group G admits a regular normal subgroup N . From Corollary 13, we have
Proof. Assume that G is of type SD. Let N be the socle of G. So, N = T 1 × · · · × T k for some k ≥ 2, and each T i ∼ = T for some non-abelian simple group T . By definition of type SD, the group 
Assume now that G is of type CD. Then the vertex set V Γ admits a cartesian decomposition, that is, V Γ = ∆ l for some set ∆ and for some l ≥ 2. Let N be the socle of G. Then N ∼ = T ul for some non-abelian simple group T and some u ≥ 2. Also, G is permutation isomorphic to a subgroup of the wreath product H wr Sym(l) (endowed with the product action), where H ⊆ Sym(∆) is quasiprimitive of type SD with socle T u . As the socle of H contains a regular normal subgroup isomorphic to T u−1 , the group N contains a normal subgroup M isomorphic to
Remark 17. It is worth pointing out here that in Corollaries 15 and 16 there is no local assumption on G. This quite remarkably shows that in a quasiprimitive group G of type HA, HS, HC, TW, SD or CD acting vertex-transitively on a connected graph Γ, the size of the stabiliser of a vertex is bounded above by a function of the valency of Γ (see Theorem 4 (1)).
In the rest of this section we deal with the case that G is of type PA. We start with a definition and a lemma required in the proof of Theorem 22.
Definition 18. Let Γ be a G-vertex-transitive graph and Σ a system of imprimitivity for G in its action on V Γ. The quotient Γ Σ is the graph whose vertices are the blocks σ of Σ, with an edge between two distinct blocks σ and η of Σ, if and only if there is an edge of Γ between α and β, for some α ∈ σ and some β ∈ η.
The graph Γ Σ is G-vertex-transitive but (despite the similarity with Definition 6) there is no upper bound on the valency of Γ Σ in terms of the valency of Γ. Proof. Fix σ a vertex of Γ Σ and α in σ. Let β 1 , . . . , β r be representatives of the orbits of G α on Γ(α). Then r ≤ |Γ(α)| ≤ d. Let η 1 , . . . , η r be in Σ with β i in η i , for i = 1, . . . , r. Now we prove two preliminary claims from which the lemma will follow immediately.
By the definitions of Γ Σ and of the η i , the right hand side is contained in the left hand side. Let η be in Γ Σ (σ). By definition, there exists α ′ ∈ σ and β ∈ η with
In particular, β g ∈ Γ(α) and so there exists h ∈ G α with β i = β gh , for some i ∈ {1, . . . , r}. As β i ∈ η i , we get η i = η gh with gh ∈ G σ and so Claim 1 follows.
Claim 2. The number of orbits of N σ on η
Since by hypothesis N σ is transitive on σ, we get G σ = G α N σ . Note that, all of G σ , N σ and G σ,ηi N σ are transitive on σ and hence |G σ : Figure 1) . From Claims 1 and 2, the number of orbits of N σ on Γ Σ (σ) is at most
We start our analysis of quasiprimitive groups of type PA by setting some notation (as usual we follow [11] and [13] ).
Notation 20. Let Γ be a connected G-vertex-transitive graph of valency d and assume that G is a quasiprimitive group of type PA. The socle N = T 1 × · · · × T l of G is isomorphic to T l , where T is a non-abelian simple group, and l ≥ 2. Moreover, there is a G-invariant partition Σ of V Γ such that the action of G on Σ is faithful and is permutationally isomorphic to the product action of G on a set ∆ l . By identifying Σ with ∆ l we have G ⊆ W = H wr Sym(l), where H ⊆ Sym(∆) is an almost simple group with socle T which is quasiprimitive on ∆, N is the socle of W , and W acts on Σ in product action. Fix δ an element of ∆. We denote by σ the element (δ, . . . , δ) of Σ = ∆ l . Also, we fix α 0 a vertex of Γ in σ and let β 1 , . . . , β r be representatives of the orbits of G α0 on Γ(α 0 ). We have W σ = H δ wr Sym(l) and T δ is a proper subgroup of T .
The group G acts transitively on the set {T 1 , . . . , T l } of minimal normal subgroups of N . As G = N G α0 and N acts trivially on {T 1 , . . . , T l }, we obtain that G α0 acts transitively on {T 1 , . . . , T l }. In the sequel, we use this fact repeatedly.
It is proved in [11] that N α0 is a subdirect subgroup of N σ = T l δ , that is, N α0 projects onto T δ for each of the l direct factors of N σ . Furthermore, the subgroup G i := N G (T i ) has index l in G and G i induces a subgroup of Sym(∆); this subgroup is almost simple with socle T and without loss of generality we may take H to be this subgroup for each i. We denote by π i :
. It was proved in [11] that N α0 is a subdirect subgroup of N σ and hence 
Now we prove two preliminary claims from which the theorem will follow. Claim 1.
, . . . , l}. As T δ ⊆ H δ , the right hand side is contained in the left hand side. Fix j in {1, . . . , l}, i in {1, . . . , s} and h in H δ . From Lemma 21, we have
Since the left and the right hand side are T δ -invariant, it suffices to show that δ
T δ for every v ∈ {1, . . . , s}. (This will imply that the right hand side is contained in the left hand side, and an analogous argument proves the reverse inclusion.) Fix v in {1, . . . , s}. Recall that G σ is transitive on {T 1 , . . . , T l }. So, there exists
which has jth entry (δ
From (2), we obtain that the jth entries of the elements of
For each β ∈ Γ(α 0 ), let n β be an element of N with β = α 0 n β . Set U = n β | β ∈ Γ(α 0 ) . Let Γ be the subgraph of Γ induced on the set α 0 U . We claim that Γ = Γ. By the definitions of Γ and U , we have α 0 ∈ V Γ and Γ(α 0 ) ⊆ V Γ. Therefore, since Γ is U -vertex-transitive, every vertex of Γ has valency |Γ(α 0 )| = |Γ(α 0 )|. Since Γ is connected, this yields Γ = Γ. In particular, U acts transitively on V Γ and so N = U N α0 . As N α0 is a subgroup of N σ , we have N = U N σ .
Fix β in Γ(α 0 ). Since α 0 n β ∈ Γ(α 0 ), we get σ n β ∈ Γ Σ (σ) and hence σ n β ∈ (η i β ) Nσ for some i β ∈ {1, . . . , s}. In particular, there exists z β ∈ N σ such that
Since by the definition of m i β we have
Therefore, for every β ∈ Γ(α 0 ), there exists i β ∈ {1, . . . , s} and y β , z β ∈ N σ such that 
Assume that G is of type AS, and set Λ = Γ and T = Soc(G). Clearly, (Λ, T ) is uniquely determined by (Γ, G). Also, as T is transitive on V Γ, from Theorem 10 with f 3 (d) as in Remark 11, if (Λ, T ) is g-bounded, then (Γ, G) is f -bounded where
Finally assume that G is of type PA and let (Λ, T ) be as in Theorem 22. We use Notation 20. From Theorem 22, we have
2d . Finally, Theorem 10 with f 3 (d) as in Remark 11 yields that
.
Proof of Theorem 5
Recall that a permutation group G is biquasiprimitive if every non-trivial normal subgroup of G has at most two orbits and G does have a normal subgroup with exactly two orbits. In [15, Theorem 1.1], the structure of a biquasiprimitive group is described in detail and here we use [15] as a reference. We set some notation for the rest of the paper, which follows [15] .
Notation 23. For a finite biquasiprimitive permutation group G on Ω, there is at least one non-trivial intransitive normal subgroup N (since G is not quasiprimitive) and N must therefore have two orbits, say ∆, ∆ ′ . Each element of G either fixes setwise these two orbits or interchanges them. Thus the elements of G that fix ∆, ∆ ′ setwise form a subgroup G + of index 2, and G + induces a transitive permutation group H on ∆. By the embedding theorem for permutation groups, G is conjugate in Sym(Ω) to a subgroup of the wreath product H wr Sym(2) = (H × H) ⋊ Sym(2). The set Ω may be identified with ∆ × {1, 2} such that, for (y 1 , y 2 ) in the base group H × H, and (1, 2) ∈ Sym(2),
for all (δ, i) ∈ Ω. Theorem 1.1 in [15] (which we report below) defines various distinct possibilities for Soc(G). Let M be a group. For each ϕ ∈ Aut(M ), we denote by
We write ι x : y → x −1 yx for the inner automorphism induced by the element x ∈ M .
Before stating Theorem 24 we remark that if Γ is a G-vertex-biquasiprimitive graph, then Γ is not necessarily bipartite with bipartition {∆ × {1}, ∆ × {2}}. Indeed, the hypothesis of Γ being vertex-transitive does not imply that every edge of Γ joins vertices from distinct G + -orbits (but this is the case if Γ is connected and G-arc-transitive). In the rest of this section we use the subdivision into types given in Theorem 24 and we prove Theorem 5. We start our analysis with the easiest example.
Theorem 24 ([15, Theorem 1.1 and Theorem 1.2]). Let G be a biquasiprimitive group on Ω, and H the permutation group induced by G + on ∆ × {1} (as in Notation 23). Assume that
Proof. Fix α in ∆. As Γ is connected, (α, 1) has a neighbour, (α ′ , 2) say, in ∆×{2}. Since G (α,1) is transitive on ∆×{2} and G ≤ Aut(Γ), we obtain Γ((α, 1)) ⊇ ∆×{2},
From now on, we may assume that G (α,1) is intransitive on ∆ × {2} and so Theorem 24 applies. Notation 27. Fix (Γ, G) in A(d) with G biquasiprimitive on V Γ and G (δ,1) intransitive on ∆ × {2} for δ ∈ ∆ (as in Notation 23). We denote by Γ ∆,1 (respectively, Γ ∆,2 ) the graph whose vertices are the elements of ∆, with an edge between two distinct elements δ 1 and δ 2 of ∆ if and only if the distance of (δ 1 , 1) from (δ 2 , 1) (respectively, (δ 1 , 2) from (δ 2 , 2)) in Γ is at most 2.
Since Γ is connected of valency d, the graph Γ ∆,i is connected of valency at most d(d − 1) for each i ∈ {1, 2}. The subgroup G + = Diag ϕ (H × H) of G that fixes setwise ∆ × {1} and ∆ × {2} acts transitively on ∆ × {i} and the action of G + on ∆ × {i} is equivalent to the action of H on ∆ and preserves the edge set of Γ ∆,i for each i ∈ {1, 2}. Therefore Γ ∆,i is an H-vertex-transitive graph of valency at most
Hence, without risk of ambiguity, we write simply Γ ∆ for Γ ∆,1 . The subgroup G + is the unique subgroup of G of index 2 except for the case where |V Γ| = 4 and G = Z 2 × Z 2 (see [15, Remarks 1.1 (1)]), in which case Theorem 5 is obvious. Therefore, in the remainder of the section, we assume that G + is the unique subgroup of index 2 in G and hence ∆ is uniquely determined by G.
Summing up, the element (Γ, G) of A(d) uniquely determines the element (Γ ∆ , H) of A(d (d − 1) ) with G (α,i) ∼ = H α for every α ∈ ∆ and for every i ∈ {1, 2}. − 1) ). 
Assume now that G is of type (B) (ii). From Theorem 24, M is a regular normal subgroup of H. Therefore from Corollary 13 applied to M , H and Γ ∆ , we have Throughout the remainder this section we assume Notations 23 and 27 and we fix (Γ, G) in A(d) with G biquasiprimitive of type (B) (i) on V Γ (notation as in Theorem 24) . Write S = R ϕ and recall that R and S are intransitive minimal normal subgroups of H. Furthermore Soc(H) = M = R × S is transitive on ∆.
Proof. If R is abelian, then so is S and M . In particular, M is an abelian normal transitive subgroup of H. Therefore from Corollary 13 applied to M , H and Γ ∆ , we have
Notation 32. Given Lemma 31, from now on we may assume that R is the direct product of l isomorphic non-abelian simple groups, each isomorphic to T say. Write R = T R,1 × · · · × T R,l and S = T S,1 × · · · × T S,l with T R,j ∼ = T S,j ∼ = T for every j ∈ {1, . . . , l}. Since R and S are minimal normal subgroups of H, the group H permutes transitively the sets {T R,j } j and {T S,j } j . Let α ∈ ∆ and denote by π R,j,α : M α → T R,j the natural projection on the jth coordinate of R. Similarly, denote by π S,j,α : M α → T S,j the natural projection on the jth coordinate of S.
Lemma 33. If π R,j,α or π S,j,α is surjective for some j ∈ {1, . . . , l} and for some
Proof. We prove three claims from which the lemma will follow.
′ if necessary, we may assume that α ′ is chosen so that its distance r from α is minimal. As L α ≤ L α ′ and α, α ′ are conjugate under H, we obtain L α = L α ′ . By minimality of r, this yields r = 0,
, and the claim is proved.
2 )!. As R α = 1, from Claim 1 we have that R α acts non-trivially on Γ ∆ (α). As R α is a minimal normal subgroup of H α , we obtain that R α acts faithfully on Γ ∆ (α) and
and
Claim 3. If π R,j,α is surjective for some j ∈ {1, . . . , l} and for some α ∈ ∆, then π R,j,α is surjective for every j ∈ {1, . . . , l} and for every α ∈ ∆. A similar claim holds replacing R by S.
Assume that π R,j,α is surjective for some j and for some α. Since M is transitive on ∆ and M acts trivially on the set {T R,j } j , the projection π R,j,β is surjective for every β ∈ ∆. Since H = H α M , the group H α acts transitively on {T R,j } j . As M α is normal in H α , we obtain that π R,j ′ ,α is surjective for every j ′ ∈ {1, . . . , l}.
Now we continue the proof of the lemma. Replacing R by S if necessary, we may assume that π R,j ′ ,α ′ is surjective for some j ′ and for some α ′ . From Claim 3, π R,j,α is surjective for every j and for every α. We divide the proof in various cases, depending on whether the projection π S,j ′ ,α ′ is also surjective.
Assume that π S,j ′ ,α ′ is surjective for some j ′ and for some α ′ . Then, from Claim 3, the mapping π S,j,α is surjective for every j and for every α. This yields that M α is a subdirect subgroup of M ∼ = T 
Assume now that H α is intransitive on {D i } i . As H α permutes transitively the sets {T R,j } j and {T S,j } j , the group H α has two orbits on {D i } i and each D i is contained in R or in S. Relabelling the indices of the subgroups D i if necessary, we may assume that {D 1 , . . . , D k } and {D k+1 , . . . , D s } are the two orbits of H α on {D i } i , with D i ⊆ R ∩ M α for i ∈ {1, . . . , k} and D i ⊆ S ∩ M α for i ∈ {k + 1, . . . , s}. Therefore
Hence M α = R α × S α , R α , S α = 1 and R α , S α are minimal normal subgroups of H α . In particular, from Claim 2 the lemma is proved.
Finally we may assume that, for every j ∈ {1, . . . , l}, π S,j,α is not surjective. Let π R,α : M α → R and π S : M α → S be the projections of M α on R and S. Let K R and K S be the kernels of π R,α and π S,α respectively. As π R,j,α is surjective for every j, the group M α /K R is isomorphic to a direct product of s ≥ 1 copies of T , that is, every composition factor of M α /K R is isomorphic to T . As, for all j, π S,j,α is not surjective, the group M α /K S has no composition factor isomorphic to
s and H α acts transitively on {T R,j } j , we see that R α is a minimal normal subgroup of H α . In particular, from Claim 2 the lemma is proved.
Notation 34. From Lemma 33, we may now assume that, for every j ∈ {1, . . . , l} and for every α ∈ ∆, π R,j,α and π S,j,α are not surjective. Let α ∈ ∆. Let U R,j = π R,j,α (M α ), U S,j = π S,j,α (M α ) and define U R = U R,1 × · · ·× U R,l , U S = U S,1 × · · ·× U S,l . By construction, M α projects surjectively on each of the 2l direct factors of U R × U S , that is, M α is a subdirect subgroup of j U R,j × j U S,j . Let Σ R be the set of right cosets of U R in R, which we denote by Σ R = R/U R . Similarly, let Σ S = S/U S be the set of right cosets of U S in S. Since U R = j U R,j and U S = j U S,j , the R-action on Σ R and the S-action on Σ S admit cartesian decompositions, namely Σ R = l j=1 (T R,j /U R,j ) and Σ S = l j=1 (T S,j /U S,j ). By construction, M = R × S acts transitively and faithfully with product action on Σ = Σ R × Σ S .
We claim that H α normalises U R and U S . In fact, since H α normalises M α and acts transitively on {T R,j } j and on {T S,j } j , we get that H α acts transitively on {U R,j } j and on {U S,j } j . In particular, H α normalises l j=1 U R,j = U R and l j=1 U S,j = U S proving the claim. By transitivity, |T R,j : U R,j | does not depend on j, and |T S,j : U S,j | does not depend on j, that is, Σ R and Σ S are homogeneous cartesian decompositions (a cartesian decomposition Λ 1 × · · · × Λ l is said to be homogeneous if |Λ i | = |Λ j | for every i, j ∈ {1, . . . , l}). Furthermore, since H α normalises U R , we have that U R H α is a subgroup of H and hence H preserves the cartesian decomposition Σ R . Similarly, H preserves the cartesian decomposition Σ S . Since R and S are the only minimal normal subgroups of H and M acts faithfully on Σ = Σ R × Σ S , the group H acts faithfully with the natural product action on Σ = Σ R × Σ S .
Let H R and H S be the permutation groups induced by H on Σ R and on Σ S respectively. So H ⊆ H R × H S ⊆ Sym(Σ R ) × Sym(Σ S ) ⊆ Sym(Σ). Since R is the only minimal normal subgroup of H R and R is transitive on Σ R , we obtain that Soc(H R ) = R and H R is a quasiprimitive group on Σ R . Since Soc(H R ) is the unique minimal normal subgroup of H R and π R,j,α (M α ) = U R,1 < T , the quasiprimitive group H R is of type TW, AS or PA. The group H R is of type TW if U R = 1 and l > 1 (in particular, R acts regularly on Σ R ), of type AS if l = 1, and of type PA if U R > 1 and l > 1. Similarly, H S is a quasiprimitive group of type TW, AS or PA on Σ S .
We recall the following result (for a proof see [11, proof (A proof of Theorems 35 and 36 can also be found in [17] .) Our next step is to replace, if necessary, the group H by a suitable conjugate to obtain a simpler form for the action of H on Σ (see Notation 32).
Notation 37. Assume Notation 23, 32 and 34. Applying Theorem 35 and 36 to H R and H S separately, we obtain that, up to replacing H R and Σ R , H S and Σ S , by suitable conjugates, we may assume that Σ R = Λ l R , Σ S = Λ l S (for some sets Λ R and Λ S ), H R ⊆ K R wr Sym(l) and H S ⊆ K S wr Sym(l) in their natural product actions on Λ l R and Λ l S , where K R is a transitive subgroup of Sym(Λ R ) and K S is a transitive subgroup of Sym(Λ S ). Furthermore, since for each j ∈ {1, . . . , l} the group T R,j is a normal transitive subgroup of the jth component of H R in its action on Λ R , we may assume that K R is almost simple with socle T = T R,j . Similarly, we may assume that K S is almost simple with socle T . Let π R,j : H R,j = N H (T R,j ) → K R and π S,j : H S,j = N H (T S,j ) → K S be the natural projections. From Theorem 36, we may assume that π R,j and π S,j are surjective for each j. Summing up, there is an H-invariant partition Σ of ∆ such that
and the faithful action of H on Σ is the natural product action on Λ l R × Λ l S . In particular, the elements of H can be written as h = (k R,1 , . . . , k R,l , k S,1 , . . . , k S,l )s R s S with k R,j ∈ K R and k S,j ∈ K S for each j, s R a permutation of the l labels {(R, j)} j and s S a permutation of the l labels {(S, j)} j .
Fix λ R an element of Λ R and λ S an element of Λ S . We denote by σ R the element (λ R , . . . , λ R ) of Σ R = Λ , σ S ) ). Since M is transitive on ∆ and Σ = Σ R × Σ S is a system of imprimitivity for H acting on ∆, we obtain that M (νR,νS ) is transitive on (ν R , ν S ) for every (ν R , ν S ) ∈ Σ. So Lemma 19 applies to H, M and Σ, and we have
Now we prove five claims from which the theorem will follow.
T λ R for every j ∈ {1, . . . , l}. As T λR ⊆ K λR , the right hand side is contained in the left hand side. Fix i in {1, . . . , s} and k in K λR . From Lemma 21, we have that π R,j (H R,j ∩ H (σR,σS ) ) = K λR for each j ∈ {1, . . . , l}. Hence there exists h = (k
T λ R and Claim 1 R follows.
T λ S for every j ∈ {1, . . . , l}. The proof of this claim is similar to the proof of Claim 1 R .
T λ R for every j ∈ {1, . . . , l}. Fix j in {1, . . . , l}. Since the left hand side and the right hand side are T λR -invariant, it suffices to show that λ
T λ R for every v ∈ {1, . . . , s}. (This would prove that the left hand side is contained in the right hand side and the same argument proves the reverse inclusion.) Fix v in {1, . . . , s}. Recall that H α0 is transitive on {T R,j } j and hence so is H (σR,σS ) . Therefore there exists h = (k R,1 , . . . , k S,l )s ∈ H (σR,σS ) with (R, 1)s −1 = (R, j).
We obtain that (η
Recalling that (R, 1)s −1 = (R, j), we see that the (R, 1)th entry of (η
kR,j . Therefore from (3) we obtain that
T λ R and Claim 2 R follows.
T λ S for every j ∈ {1, . . . , l}. The proof of this claim is similar to the proof of Claim 2 R . Claim 2 R yields that the ls elements {λ i R,j } (R,j),i are in at most s distinct T λR -orbits. In particular, for each i ∈ {1, . . . , s}, the R σR -orbit (η and all the entries of σ R and of σ S are equal, the elements r i ∈ R and s i ∈ S can be chosen so that their l coordinates contain at most s distinct entries from T .
For each β ∈ Γ ∆ (α 0 ), let r β be an element in R and s β an element of S with
∆ (α 0 ) and let Γ be the subgraph of Γ ∆ induced on the set α U 0 . We show that Γ ∆ = Γ. By the definitions of U and Γ, we have α 0 ∈ V Γ and Γ(α 0 ) ⊆ V Γ. Therefore, since Γ is U -vertex-transitive, every vertex of Γ has valency |Γ(α 0 )| = |Γ ∆ (α 0 )|. Since Γ ∆ is connected, this yields Γ ∆ = Γ. In particular, U acts transitively on V Γ ∆ and so M = U M α0 . As M α0 is a subgroup of M (σR,σS ) , we have M = U M (σR,σS ) and
Since by the definitions of the r i and s i we have (
that is to say, y R,β = r β z R,β r −1 i β ∈ R σR and y S,β = s β z S,β s −1 i β ∈ S σS . Therefore, for every β ∈ Γ ∆ (α 0 ), there exists i β ∈ {1, . . . , s}, y R,β , z R,β ∈ R σR and y S,β , z S,β ∈ S σS such that
and s β = y S,β s i β (z S,β ) −1 . As an explicit example take X = C n the cycle of length n and Y = K 2 the complete graph on two vertices. We have (Γ, G) ∈ A(4) and (Γ N , G/N ) is 2-bounded because Γ N ∼ = X and Aut(X) is the dihedral group of order 2n. Furthermore, |N (x,y) | = 2 n−1 and hence N (x,y) can be exponential in the number of vertices of Γ with G/N having stabiliser C 2 .
Examples
In Examples 40, 41 and 42, we use the notation of Theorem 4. In each of the examples G is a quasiprimitive group of type PA with socle T 2 . We denote by D n the dihedral group of order n.
Example 40. In this example we give an infinite family of (Γ, G) vertex-primitive and locally quasiprimitive with (Λ, H) not quasiprimitive.
Let q be a prime power q = p e ≥ 4 and n ≥ 3 with Gcd(q 2 − 1, n) = 1. Let T be the simple group PSL(n, q 2 ) = SL(n, q 2 ) and H = T ⋊ F, τ where F is the field automorphism of order 2 of F q 2 and τ is the graph automorphism, that is, x τ = (x −1 ) tr . Let K be the group C H (F ) = (SL(n, q) ⋊ τ ) × F . From [7] , we see that K is maximal in H. Let ∆ be the set of right cosets of K in H and denote by δ 0 the coset K of ∆. So, H acts primitively on ∆. Let λ be an element of order q + 1 in F q 2 and Denote by δ 1 the coset Kx in ∆. We claim that H δ0 acts faithfully on the suborbit δ
of H. By our choice of x, the element F does not fix δ 1 . Also, it is easy to find elements of SL(n, q) not fixing δ 1 . Since SL(n, q) and F are the only minimal normal subgroups of H δ0 , our claim is proved. Now we claim that SL(n, q) acts transitively on δ
. It is easy to check that the element of H δ0 fixes δ 1 . Similarly, τ y fixes δ 1 . Since H δ0 = SL(n, q) F y, τ y , we get that SL(n, q) is transitive on δ
. Finally, a direct computation shows that (δ 0 , δ 1 ) yx = (δ 1 , δ 0 ). Let Λ be the H-orbital graph containing the arc (δ 0 , δ 1 ). Since H is primitive, Λ is connected.
We have shown that Λ is an undirected H-arc-transitive graph, that H acts primitively on V Λ and that H δ0 acts faithfully on Λ(δ 0 ). Also, SL(n, q) acts transitively on Λ(δ 0 ) and F acts intransitively and semiregularly on Λ(δ 0 ). In particular (Λ, H) is not locally quasiprimitive.
Let W be the wreath product H wr Sym(2) endowed with the product action on Ω = ∆ 2 . Write W = (H×H)⋊ π , where π 2 = 1 and (h, 1) π = (1, h) for h ∈ H. Let T be the socle of H and N = T 2 the socle of W . Consider G = N (F, τ ), (τ, F ), π . Note that each of (F, τ ), (τ, F ), π has order 2 and (F, τ ) π = (τ, F ), so G/N ∼ = D 8 .
The projection of N G (T × 1) = (T × T ) (F, τ ), (τ, F ) onto the first coordinate is the whole of H. As G contains N, π and as H is primitive on ∆, we obtain that G acts primitively on Ω. Let Γ be the W -orbital graph corresponding to the suborbit δ ,δ0) . Since G is primitive, Γ is connected and since Λ is undirected, so is Γ.
As T δ0 = SL(n, q) is transitive on δ
, the group N (δ0,δ0) acts transitively on Γ ((δ 0 , δ 0 ) ). Therefore the graph Γ is G-arc-transitive.
We claim that G (δ0,δ0) is quasiprimitive on Γ((δ 0 , δ 0 )). We have G (δ0,δ0) = (T δ0 × T δ0 ) (F, τ ), (τ, F ), π .
Let X be a normal non-trivial subgroup of G (δ0,δ0) . As T δ0 is simple and π ∈ G (δ0,δ0) , the group N (δ0,δ0) = T δ0 × T δ0 is a minimal normal subgroup of G (δ0,δ0) . If X ∩N (δ0,δ0) = 1, then by minimality N (δ0,δ0) ⊆ X and X is transitive on Γ((δ 0 , δ 0 )). If X ∩N (δ0,δ0) = 1, then X centralises N (δ0,δ0) . The centraliser of N (δ0,δ0) in W (δ0,δ0) has order 4 and is generated by (F, 1), (1, F ). Since (1, F ), (F, 1) ∩ G = 1, no nontrivial element of G (δ0,δ0) centralises N (δ0,δ0) . Hence X = 1, a contradiction. This proves that G (δ0,δ0) is quasiprimitive on Γ((δ 0 , δ 0 )).
Example 41. In this example we give (Γ, G) locally semiprimitive with (Λ, T ) not semiprimitive. Let T be the simple group SL(3, 9) and H = T ⋊ F, τ where F is the Frobenius automorphism of T and τ is the automorphism of T defined by x τ = (x −1 ) tr . Let C be a Singer cycle of T . Since |C| = (9 3 − 1)/(9 − 1) = 7 · 13, we have C = x × y where x has order 7 and y has order 13. The normaliser of C in T is C ⋊ z for some z of order 3. From [4] , we get that the normaliser N in H of C is ( x, F × y, τ ) ⋊ z ∼ = (D 14 × D 26 ) ⋊ C 3 where C n denotes the cyclic group of order n. Denote by K the group x, F × y, τ . From [4] , we get that N is the unique proper subgroup of H containing K and N ∩ T = C ⋊ z is the unique proper subgroup of T containing C. In particular, N is a maximal subgroup of H and N ∩ T is a maximal subgroup of T .
Let ∆ be the set of right cosets of K in H and denote by δ 0 the coset K of ∆. So, H acts quasiprimitively on ∆. Let x be an involution of T such that x τ = x F = x and denote by δ 1 the coset Kx in ∆. From [4] we see that H δ0 acts faithfully on the suborbit δ
and (H δ0 ) δ1 = F, τ . In particular, T δ0 acts regularly on δ
. Since x 2 = 1, we get (δ 0 , δ 1 ) x = (δ 1 , δ 0 ). Let Λ be the H-orbital graph containing the arc (δ 0 , δ 1 ). Since N is the unique proper subgroup of H containing K and since x / ∈ N (because |N : K| = 3), the graph Λ is connected. As T δ0 is transitive on Λ(δ 0 ), the group T acts arc-transitively on Λ. Furthermore x, F and y, τ are normal intransitive and non semiregular subgroups of H δ0 , so (Λ, H) is not locally semiprimitive.
Let W be the wreath product H wr Sym(2) endowed with the product action on Ω = ∆ 2 . Write W = (H×H)⋊ π , where π 2 = 1 and (h, 1) π = (1, h) for h ∈ H. Let T be the socle of H and N = T 2 the socle of W . Consider G = N (τ, F ), (F, τ ), π . Note that each of (τ, F ), (F, τ ), π has order 2 and (τ, F ) π = (F, τ ), so G/N ∼ = D 4 . The projection of N G (T × 1) = N (τ, F ), (F, τ ) onto the first coordinate is the whole of H. As G contains N, π and as H is quasiprimitive on ∆, we obtain that G acts quasiprimitively on Ω.
